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1. Introduction
The pure spinor formalism was invented nineteen years ago with the idea of provide
a quantizable string sigma-model on any background space-time geometry [1]. The pure
spinor formalism is manifestly space-time supersymmetric and contains a world-sheet field,
known as pure spinor, which has two main utilities. It allows to have a conformal invariant
system and allows quantization through the existence of an operator that has the properties
of a BRST operator. Soon after, the explicit form of the superstrings on curved background
was studied in [2]. Here the classical BRST invariance of the world-sheet action puts the
background to satisfy the equations of ten-dimensional supergravity. It was also proven
that the world-sheet system is conformal invariant at the one-loop quantum level, for the
heterotic superstring [3] and for the type II superstring [4]. The quantum local symmetries
were also studied in [5].
The fluctuations around the background are BRST invariant and describe the phys-
ical content of the string theory. For example, the open string massless fluctuations are
described by the unintegrated vertex operator U = λαAα(X, θ) where the superfield A
depends on the ten-dimensional superspace coordinates X and θ. BRST invariance of
U gives the equations of super-Maxwell for Aα, that is, it describes the photon and the
photino in ten dimensions. Note that only one operator is enough to describe the physi-
cal massless states of the string theory, unlike in RNS where there are different operators
for photon and the photino. A similar analysis can be done for other superstrings, we
will review the type II case below. All this is done in a flat space-time background. We
could ask for the equivalent of U in non-flat backgrounds. This was done in [6] for the
AdS5 × S
5 background, its plane-wave limit in [7] and in for the heterotic string in [8]
a generic background. Our goal is to study the case of type II in a generic supergravity
background.
Besides unintegrated vertex operators, it is possible to study integrated vertex op-
erators. They are fluctuations of the world-sheet action and can be used to compute
scattering amplitudes for 4 or more states. The integrated vertex operator is obtained
from the unintegrated vertex operator through a descent procedure. For the open string
in flat background space-time, ∂U is BRST trivial, then there exists an operator V that
satisfies QV = ∂U . This is the integrated vertex operator. This procedure has to work,
because there exists a b ghost in the theory, although this b ghost is a composite operator
in the pure spinor formalism. To have the descent working correctly, it is necessary that b
is conserved, nilpotent and satisfies Qb = T where T is the stress-energy tensor.
The integrated vertex operator for type II superstring in a flat space-time background
can be constructed in this manner and we review this in section 2. A similar construction
was done in [9] for the AdS5 × S
5 background, its plane-wave limit in [7] and for the
heterotic string in a generic background in [8]. Our purpose is to generalize this result for
the type II superstring in a generic supergravity background.
This paper is organized as follows. We review the type II superstring in a flat space-
time background in section 2. In the section 3, we review the type II superstring in a
curved background. In particular the necessary BRST transformations of the world-sheet
fields are discussed. In section 4 we study the unintegrated vertex operator in a curved
background, we obtain a chain of superfields by applying successive superspace covariant
1
derivatives on the superfield of the unintegrated vertex operator. In section 5 we perform
the descent procedure to determine the integrated vertex operator in a curved supergravity
background. We end in section 6 with some final comments.
2. Review of the type II superstring in a flat background
We now review the type II superstring in a flat ten-dimensional background using the
pure spinor formalism. The action is given by
S =
∫
d2z
1
2
∂Xm∂Xm + pα∂θ
α + pα∂θ
α
+ ωα∂λ
α + ωα∂λ
α
, (2.1)
where (Xm, θα, θ
α
) are the superspace coordinates in flat ten-dimensional space-time
(m = 0, . . . , 9, α, α = 1, . . . , 16), (pα, pα) are the momentum conjugate variables of (θ
α, θ
α
),
(λα, ωα) and (λ
α
, ωα) are the pure spinor conjugate pairs of variables. The pure spinor
variables are constrained by the the so called pure spinor conditions λγmλ = λγmλ = 0.
The pure spinor conjugate variables are defined up to the gauge invariances δωα =
(λγm)αΛm, δωα = (λγ
m)αΛm, then only 44 out of 64 (λ, λ) and (ω, ω) variables are inde-
pendent [1]. The left-moving central charge has the following contributions: +10 from X ,
−32 from (p, θ) and +22 from (λ, ω), so the total central charge is zero. Similarly, for the
the right-moving central charge we have +10 from X , −32 from (p, θ) and +22 from (λ, ω)
adding up, again, to zero. Therefore, the action (2.1) is conformal invariant. However, this
is not enough to describe the physical states of type II superstring. A nilpotent operator,
which we call BRST operator, was proposed in [1] to describe the correct spectrum of the
string theory. For type II, the BRST operator is
Q =
∮
λαdα + λ
α
dα, (2.2)
where dα and dα are the generators of superspace translations and are given by
dα = pα +
1
2
(γmθ)α∂Xm −
1
8
(γmθ)α(θγ
m∂θ),
dα = pα +
1
2
(γmθ)α∂Xm −
1
8
(γmθ)α(θγ
m∂θ).
(2.3)
Note that Q2 = 0 because the OPE’s
dα(y)dβ(z)→ −
1
(y − z)
γmαβΠm(z),
dα(y¯)dβ(z¯)→ −
1
(y¯ − z¯)
γm
αβ
Πm(z¯),
(2.4)
and the pure spinor conditions. Here Πm = ∂Xm +
1
2 (θγm∂θ) +
1
2 (θγm∂θ) and Πm =
∂Xm +
1
2 (θγm∂θ) +
1
2 (θγm∂θ).
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Physical states of the type II strings are in the cohomology of the BRST operator
(2.2). The massless unintegrated vertex operator has ghost number 2 (that is 1 λ and 1 λ)
and it is given by
U = λαλ
α
Aαα(X, θ, θ). (2.5)
QU = 0 implies the equations
λαλβDαAβα = 0, λ
α
λ
β
DαAαβ = 0, (2.6)
where
Dα =
∂
∂θα
+
1
2
(γmθ)α
∂
∂Xm
, Dα =
∂
∂θ
α
+
1
2
(γmθ)α
∂
∂Xm
.
The equations (2.6) imply the existence of the superfields Amα and Aαm defined by
D(αAβ)α = γ
m
αβAmα, D(αAαβ) = γ
m
αβ
Aαm. (2.7)
It is possible to construct covariant superfields by applying Dα and Dα to these equations.
As it was shown in [9], we obtain the following defining relations
DαAmα − ∂mAαα = (γm)αβW
β
α, DαW
β
α =
1
4
(γmn)α
βFmnα, (2.8)
DαAαm − ∂mAαα = (γm)αβWα
β , DαWα
β =
1
4
(γmn)α
βFαmn, (2.9)
from (2.7). Here Fmnα = ∂[mAn]α,Fαmn = ∂[mAαn].
These relations help to find the integrated vertex operator. It is given through the
following descent procedure. ∂U and ∂U are trivial because it is possible to find operators
that satisfy ∂U = QW and ∂U = QW . Actually, any field with non-zero conformal
weight is BRST trivial. This statement is based on the existence of the conformal ghost b.
Although the b ghost is not a basic field in (2.1), it is possible to construct a composite field
that satisfies Qb = T [10], the stress-energy tensor, and it is nilpotent [11] [12]. Similarly,
∂W −∂W is also trivial. In fact, there exists an operator V that satisfies QV = ∂W −∂W .
This is the integrated vertex operator. From the unintegrated vertex U (2.5), W and W
are given by
W = λ
α
(
∂θαAαα +Π
mAmα + dαW
α
α +
1
2
NmnFmnα
)
,
W = λα
(
∂θ
α
Aαα +Π
m
Aαm + dαWα
α +
1
2
N
mn
Fαmn
)
,
(2.10)
where Nmn = 1
2
(λγmnω) and N
mn
= 1
2
(λγmnω). The integrated vertex operator becomes
V = ∂θα∂θ
α
Aαα + ∂θ
αΠ
m
Aαm − Π
m∂θ
α
Amα + dα∂θ
α
Wαα + ∂θ
αdαWα
α +
1
2
∂θαN
mn
Fαmn
−
1
2
Nmn∂θ
α
Fmnα +Π
mΠ
n
Amn +Π
mdαEm
α + dαΠ
m
Em
α + dαdαP
αα +
1
2
NmnΠ
p
Ωpmn
+
1
2
ΠpN
mn
Ωpmn +
1
2
dαN
mn
Cmn
α +
1
2
NmndαCmn
α +
1
4
NmnN
pq
Smnpq,
(2.11)
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where the superfields Amn, . . . ,Smnpq are defined after taking higher Dα and Dα super-
space covariant derivatives. Namely,
D(αAβ)n = γ
m
αβAmn, D(αAmβ) = −γ
n
αβ
Amn,
D(αWβ)
α = −γmαβEm
α, D(αW
α
β) = γ
m
αβ
Em
α,
D(αFβ)mn = γ
p
αβΩpmn, D(αFmnβ) = −γ
p
αβ
Ωpmn,
DαEm
α + ∂mWα
α = −(γm)αβP
βα, DαEm
α
− ∂mW
α
α = (γm)αβP
αβ,
DαΩpmn − ∂pFαmn = (γp)αβCmn
α, DαΩpmn + ∂pFmnα = −(γp)αβCmn
α,
DαCpq
α =
1
4
(γmn)α
βSmnpq, DαCmn
β =
1
4
(γpq)α
βSmnpq.
(2.12)
The physical interpretation of the these superfields is simple. In the (θ, θ) expansion,
Amn = hmn + · · ·, where hmn describes the graviton, the Kalb-Ramond field and the
dilaton. The superfields Em
α = ψm
α + · · · ,Em
α = ψm
α + · · ·, where ψ and ψ are the
gravitini and the dilatini. The superfield Pαα = fαβ+· · ·, where f is the Ramond-Ramond
field-strength. The other superfields in (2.11) have expansions with components related to
h, ψ, ψ and f .
In the next section we will describe the regime beyond the linearized level where Ω
and Ω become the background Lorentz connections, E and E are the vielbein superfields
and S becomes related to the superspace curvature.
3. Review of the type II superstring in a curved background
The action for the type II superstring can be obtained by adding the integrated vertex
operator (2.11) to flat string action (2.1) and then covariantize respect to the bakcground
supergeometry invariance [2]. Then, the sigma model action becomes
S =
∫
d2z
1
2
ΠaΠ
a
+
1
2
ΠAΠ
B
BBA + dαΠ
α
+ dαΠ
α + ωα∇λ
α + ωα∇λ
α
(3.1)
+dαdαP
αβ + λαωβdγCα
βγ + λ
α
ω
β
dγCα
βγ + λαωβλ
γ
ω
δ
Sαγ
βδ,
where ΠA = ∂ZMEM
A and Π
A
= ∂ZMEM
A with EM
A being the vielbein and ZM the
curved superspace coordinates. Note that the fields coupled to ω and ω has to respect the
pure spinor gauge symmetry δωα = (λγ
a)αΛa and δωα = (λγ
a)αΛa. Then, the forms of
C,C, S are
Cα
βγ = δβαC
γ +
1
4
(γab)α
βCab
γ , Cα
βγ = δβαC
γ
+
1
4
(γab)α
βCab
γ ,
Sαγ
βγ = δβαδ
δ
γS +
1
4
(γab)α
βδ
β
γSab +
1
4
δβα(γ
ab)γ
δSab +
1
16
(γab)α
β(γcd)γ
δSabcd.
(3.2)
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The covariant derivatives on the pure spinors variables are
∇λα = ∂λα + λβΩβ
α, ∇λ
α
= ∂λ
α
+ λ
β
Ω
β
α, (3.3)
where Ωα
β = ∂ZMΩMα
β and Ωα
β = ∂ZMΩMα
β with ΩM being the Lorentz connections.
They are of the form [2]
ΩMα
β = δβαΩM +
1
4
(γab)α
βΩMab, ΩMα
β = δβαΩ̂M +
1
4
(γab)α
βΩ̂Mab, (3.4)
then there are two possible covariant derivatives acting on a vector. For example, we could
have
∇Πa = ∂Πa +Πb∂ZMΩMb
a, (3.5)
or
∇̂Πa = ∂Πa +Πb∂ZM Ω̂Mb
a. (3.6)
Fortunately, both covariant derivatives are related after solving the constraints on the back-
ground fields in (3.1) dictated by the BRST symmetry generated byQ =
∮ (
λαdα + λ
α
dα
)
.
These constraints are expressed in terms of the components of the torsion 2-form TA =
dEA + EB ∧ ΩB
A (note that T a is defined with the connection Ω and T̂ a is defined with
the connection Ω̂), the curvature 2-form RA
B = dΩA
B +ΩA
C ∧ΩC
B and the 3-form field-
strength H = dB. The indices A,B,C, . . . take values in (a, α, α). Note the TAB
a = T̂AB
a
for (A,B) ∈ (α, α).
The constraints for some of the torsion, H and curvature components derived in [2]
are solved by
Tαβ
a = −γaαβ , Tαβ
a = −γa
αβ
, Rαβγ
δ = 0, R
αβγ
δ = 0, (3.7)
Tαβ
γ = T
αβ
γ = T
αβ
γ = Tαβ
γ = T
αβ
γ = T
αβ
γ = Taα
β = Taα
β = 0, (3.8)
Haαβ = −(γa)αβ, Haαβ = (γa)αβ, HαβA = Hαβγ = Hαβγ = Habα = Habα = 0. (3.9)
The Bianchi identities help to find relations for the other T,H and R components.
These identities are defined as
(∇T )ABC
D = ∇[ATBC]
D + T[AB
ETEC]
D,
(∇H)ABCD = ∇[AHBCD] +
3
2
T[AB
EHECD],
(∇R)ABCD
E = ∇[ARBC]D
E + T[AB
FRFC]D
E .
(3.10)
Note again that there are two types of Bianchi identities for D = d in the first relation of
(3.10) depending if one uses T d or T̂ d. As it was shown in [2] (see also[4]), these identities
imply
Tαa
b = 2(γa
b)α
βΩβ , Tαa
b = 0, Ωα = Ωa = 0, (3.11)
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T̂αa
b = 2(γa
b)α
βΩ̂
β
, T̂αa
b = 0, Ω̂α = Ω̂a = 0, (3.12)
Habc = −Tabc = T̂abc. (3.13)
Using these results, the Ω̂ab one-form connection is known in terms of the other connections.
In fact, we obtain
Ω̂cab = Ωcab − Tcab, Ω̂αab = Ωαab − Tαab, Ω̂αab = Ωαab + T̂αab. (3.14)
From now on we will use the connection Ωab in the covariant derivatives.
The background fields P,C, C, S satisfy the relations
Taα
β = (γa)αγP
γβ, R
aαβ
γ = −(γa)αδCβ
γδ, Cα
βγ = −∇αP
βγ, (3.15)
Sαγ
βδ = ∇αCγ
δβ +Rαργ
δP βρ,
and
Taα
β = −(γa)αγP
βγ , Raαβ
γ = −(γa)αδCβ
γδ, Cα
βγ = ∇αP
γβ, (3.16)
Sαγ
βδ = ∇γCα
βδ
−Rγρα
βP ρδ.
Note the expressions for S are equivalent because if one subtract both equations and uses
the first lines of (3.15) and (3.16) one obtains zero.
The BRST transformations of the world-sheet fields were obtained in [13] and, up to
a Lorentz transformation with field-dependent parameters, are given by
Qλα = Qλ
α
= 0, Qωα = dα, Qωα = dα,
Qdα = −(γaλ)αΠ
a +
(
λβRαβγ
δ + λ
β
R
αβγ
δ
)
λγωδ,
Qdα = (γaλ)αΠ
a
+
(
λβRαβγ
δ + λ
β
R
αβγ
δ
)
λ
γ
ω
δ
,
QΠa = −λαΠATAα
a
− λ
α
ΠATAα
a, QΠ
a
= −λαΠ
A
TAα
a
− λ
α
Π
A
TAα
a,
QΠα = ∇λα − λ
β
ΠaT
aβ
α, QΠ
α
= ∇λα − λ
β
Π
a
T
aβ
α,
QΠα = ∇λ
α
− λβΠaTaβ
α, QΠ
α
= ∇λ
α
− λβΠ
a
Taβ
α.
(3.17)
Note that any superfield Ψ transforms like QΨ = λα∇αΨ+λ
α
∇αΨ, again up to a Lorentz
transformation with field-dependent parameter. It is direct to verify that the transforma-
tions (3.17) are nilpotent for all the world-sheet fields, except for the ω and ω variables
which Q2 on them give a gauge transformation [13].
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Below we construct vertex operators, both unintegrated and integrated. They are
on-shell objects, then we will need the equations of motion derived from the action (3.1).
By varying this action respect to d, d and the pure spinor variables we obtain
Π
α
+ dαP
αα + λ
α
ω
β
Cα
βα = 0, Πα − dαP
αα + λαωβCα
βα = 0,
∇λα + λβ(dαCβ
αα + λ
α
ω
β
Sβα
αβ) = 0,∇ωα − (dαCα
βα + λ
α
ω
β
Sαα
ββ)ωβ = 0,
∇λ
α
+ λ
β
(dαCβ
αα + λαωβSαβ
βα) = 0,∇ωα − (dαCα
βα + λαωβSαα
ββ)ω
β
= 0.
(3.18)
By varying the action (3.1) respect to ZM we obtain the equation
−
1
2
EM
a(∇Πa +∇Πa) + EM
α
∇dα + EM
α
∇dα −
1
2
Π(aΠ
A)
TAMa +
1
2
ΠAΠ
B
HBAM
+Π
A
TAM
αdα +Π
ATAM
α dα − λ
αωβΠ
ARAMα
β
− ΠAλ
α
ω
β
RAMα
β + dαdα∇MP
αα
+ (−1)Mλαωβdα∇MCα
βα + (−1)Mdαλ
α
ω
β
∇MCα
βα + λαωβλ
α
ω
β
∇MSαα
ββ = 0.
(3.19)
Note that the background fields in (3.15) and (3.16) were used. The equation for d is
obtained after multiplying (3.19) from the left by Eα
M and it gives
∇dα =− dβdβ∇αP
ββ + λβωγ(Π
a
Raαβ
γ +Π
β
R
βαβ
γ)
+ λβωγdβ(∇αCβ
γβ
− P δβRδαβ
γ) + dβλ
β
ωγ(∇αCβ
γβ + P βδR
δαβ
γ)
− λβωγλ
β
ωγ(∇αSββ
γγ + Cβ
γδR
δαβ
γ + C
β
γδRδαβ
γ).
(3.20)
Similarly by multiplying from the left with EM
α we obtain
∇dα =− dβdβ∇αP
ββ + λ
β
ωγ(Π
aR
aαβ
γ +ΠβR
βαβ
γ)
+ λβωγdβ(∇αCβ
γβ
− P δβRδαβ
γ) + dβλ
β
ωγ(∇αCβ
γβ + P βδR
δαβ
γ)
− λβωγλ
β
ωγ(∇αSββ
γγ + Cβ
γδR
δαβ
γ + C
β
γδRδαβ
γ).
(3.21)
As a check, it is direct to confirm from here, after using the equations for λ and λ in (3.18),
that ∇(λαdα) = ∇(λ
α
dα) = 0. Finally, the equations for Π
A are obtained as follows. The
identity
∇Π
A
−∇ΠA = −ΠBΠ
C
TCB
A, (3.22)
is necessary. The equations for Πa and Π
a
are obtained combining this identity with the
equation (3.19) multiplied by Ea
M from the left. We obtain
∇Πa = Π
bΠ
c
Tabc − Π
αΠ
b
Tαab + dαΠ
b
Tab
α +ΠbdαTab
α
−ΠβdαTaβ
α
+ λαωβΠ
b
Rabα
β +Πbλ
α
ω
β
Rabα
β +Πγλ
α
ω
β
Raγα
β + dαdα∇aP
αα
+ λαωβdγ(∇aCα
βγ
− P δγRaδα
β) + dγλ
α
ω
β
(∇aCα
βγ + P γδR
aδα
β)
+ λαωβλ
α
ω
β
(∇aSαα
ββ
− Cα
βγRaγα
β
− Cα
βγRaγα
β),
(3.23)
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and
∇Πa = Π
bdα(Tab
α + PααTαab) + Π
bλ
α
ω
β
(Rabα
β + Cα
βαTαab) + dαΠ
b
Tab
α
+ dαΠ
β
T
aβ
α + λαωβΠ
b
Rabα
β + λαωβΠ
b
Rabα
β + λαωβΠ
γ
Raγα
β + dαdα∇aP
αα
+ λαωβdγ(∇aCα
βγ
− P δγRaδα
β) + dγλ
α
ω
β
(∇aCα
βγ + P γδR
aδα
β)
+ λαωβλ
α
ω
β
(∇aSαα
ββ
− Cα
βγRaγα
β
− Cα
βγRaγα
β).
(3.24)
Finally, the equations for (Πα,Π
α
,Πα,Π
α
) come from using (3.22) and the fact that
(Π
α
,Πα) depend on other world-sheet fields according to (3.18).
4. The unintegrated vertex
In this section we study the fluctuations around the background of the previous section.
We start with the unintegrated vertex operator. As in flat space it takes the simple form
U = λαλ
β
A
αβ
(Z), (4.1)
but now the background is not flat anymore. Imposing that this vertex is in the cohomology
of the BRST charge determines the equations
∇(αAβ)γ = (γ
a)αβAaγ , ∇(αAγβ) = (γ
a)
αβ
Aγa, (4.2)
which look similar to (2.7). We proceed as in flat space. That is, we obtain constraining
equations for superfields defined after taking higher ∇α and ∇α derivatives on Aαα.
As the first step, we get equations similar to (2.8) and (2.9) of flat space. Consider
the first equation in (4.2). It can be shown that
γa(αβ
(
∇γ)Aaα − 2Ωγ)Aaα −∇aAγ)α
)
= 0, (4.3)
which implies the existence of a superfield Wβα satisfying
∇αAaα − 2ΩαAaα −∇aAαα = (γa)αβW
β
α. (4.4)
This is equivalent to the first equation in (2.8) of flat space-time background. The equation
(4.3) is verified by plugging Aaα from the first in (4.2) and then commuting the covariant
derivatives as
[∇A,∇B]MC···
D··· = −TAB
E
∇EMC···
D··· +MC···
E···RABE
D
−RABC
EME···
D··· + · · · ,
(4.5)
whereM is a tensor. The torsion and curvature components given in (3.15) and (3.16) are
also necessary.
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To get the analogous to the second equation in (2.8) we note that there is a superfield
Ψα
β
γ , containing ∇αW
β
γ , that satisfies an equation involving Ψα
β
γ +
1
10
γaαργ
βδ
a Ψδ
ρ
γ . It
turns out that
Ψα
β
γ = ∇αW
β
γ − 4ΩαW
β
γ + P
βρ
∇ρAαγ − Cγ
ρβAαρ
+ 2(γa)βρ(∇αΩρAaγ − Ωρ∇aAαγ),
(4.6)
satisfies the equation
Ψα
β
γ +
1
10
γaαργ
βδ
a Ψδ
ρ
γ =
1
10
(γab)α
β (Fabγ + Tab
cAcγ + Tab
ρAργ + 3τab
cAcγ)
−
1
10
(γabcd)α
βτabcAdγ ,
(4.7)
where Fabγ = ∇[aAb]γ and τabc = γ
αβ
abcΩαΩβ . Note this type of equation was obtained in
[8] for the heterotic string in curved background. The solution of (4.7) is
Ψα
β
γ =
1
4
(γab)α
β (Fabγ + Tab
cAcγ + Tab
ρAργ + 3τab
cAcγ)−
1
12
(γabcd)α
βτabcAdγ . (4.8)
Similarly, from the second equation in (4.2) we obtain
∇αAγa − 2ΩαAγa −∇aAγα = (γa)αβWγ
β , (4.9)
and the combinations of fields
Ψγα
β = ∇αWγ
β
− 4ΩαWγ
β
− P ρβ∇ρAγα − Cγ
ρβAρα
+ 2(γa)βρ(∇αΩρAγa − Ωρ∇aAγα),
(4.10)
turns out to be equal to
Ψγα
β =
1
4
(γab)α
β
(
Fγab + Tab
cAγc + Tab
ρAγρ + 3τab
cAγc
)
−
1
12
(γabcd)α
βτabcAγd,
(4.11)
where Fγab = ∇[aAγb] and τabc = γ
αβ
abcΩαΩβ .
In the next section we construct the integrated vertex operator from the chain of
superfields (Aαα,Aaα,Aαa,W
α
α,Wα
α) just like we did in section 2 for the flat space-
time background.
5. The integrated vertex
The integrated vertex operator is given by the same descent procedure of flat space-
time background. There, the existence of a composite b ghost was crucial to state that
any operator with conformal weight different from zero is trivial in the cohomology of the
BRST charge. In particular, ∂U = QW and ∂U = QW . Similarly, ∂W − ∂W is also
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trivial, therefore it is equal to QV with V being the integrated vertex operator (2.11).
For the generic type II supergravity background of section 3, we need that the b ghosts of
left- and right-moving sectors. Such composite b ghost exists for the heterotic string in a
generic background field [14] [15]. Let us assume that the composite b ghosts exist for the
type II superstring in a generic background.
A W satisfying QW = ∂U is given by
W = λ
β
[ΠαA
αβ
+ΠaA
aβ
+ dα(W
α
β
+ 2(γa)αγΩγAaβ)
− JΩρW
ρ
β
+
1
2
Nab(F
abβ
+ Tab
cA
cβ
+ Tab
ρA
ρβ
+ 4τab
cA
cβ
+ 2(ΩγabWβ))],
(5.1)
where J = λαωα and N
ab = 12 (λγ
abω). And a W satisfying QW = ∂U is given by
W = λα[Π
β
A
αβ
+Π
a
Aαa + dβ(Wα
β + 2(γa)βγΩγAαa)
− JΩρWα
ρ +
1
2
N
ab
(Fαab + Tab
cAαc + Tab
ρAαρ + 4τab
cAαc + 2(ΩγabWα))],
(5.2)
where J = λ
α
ωα and N
ab
= 12 (λγ
abω).
The integrated vertex operator satisfying QV = ∂W − ∂W has the form
V = ΠαΠ
α
Aαα +Π
αΠ
a
Aαa −Π
aΠ
α
Aaα +Π
αdαΦα
α + dαΠ
α
Φα
α +Παλ
α
ω
β
Φαα
β
+ λαωβΠ
α
Φαα
β +ΠaΠ
b
Aab + dαdαP
αα +ΠadαEa
α + dαΠ
a
Ea
α +Πaλ
α
ω
β
Ωaα
β
+ λαωβΠ
a
Ωaα
β + dαλ
α
ω
β
Cα
βα + λαωβdαCα
βα + λαωβλ
α
ω
β
Sαα
ββ ,
(5.3)
where
Φα
α =Wα
α + 2(γaΩ̂)αAαa, Φα
α =Wαα + 2(γ
aΩ)αAaα,
Φαα
β = −δβαΩ̂γWα
γ +
1
4
(γab)α
β
(
Fαab + Tab
cAαc + Tab
βA
αβ
+ 4τab
cAαc + 2(Ω̂γabWα)
)
,
Φαα
β = δβαΩγW
γ
α −
1
4
(γab)α
β
(
Fabα + Tab
cAcα + Tab
βAβα + 4τab
cAcα + 2(ΩγabWα)
)
.
(5.4)
Aab is defined by
∇(αAβ)a + T(αa
bAβ)b − Ta(α
βA
β)β = γ
b
αβAba,
∇(αAaβ) − Ta(α
βA
ββ) = −γ
b
αβ
Aab.
(5.5)
Note that the second equation here does not contain the torsion component Tαa
b because
it vanishes. The fluctuations Ea
α and Ea
α are given by
∇(α
(
Wβ)
α + 2(γaΩ̂)αAβ)a
)
+ Ta(α
αAβ)
a = −γaαβEa
α,
∇(α
(
Wα
β) + 2(γ
aΩ)αA
bβ)
)
+ Ta(α
αAa
β) = γ
a
αβ
Ea
α.
(5.6)
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Ωaα
β and Ωaα
β are given by
∇(αΦβ)α
β
−Rγ(αα
βΦβ)
γ
−Ra(αα
βAβ)
a = γaαβΩaα
β ,
∇(αΦβ)α
β +Rγ(αα
βΦ
β)
γ
−Ra(αα
βAa
β) = γ
a
αβ
Ωaα
β .
(5.7)
P is given by
∇αEa
α +∇aΦα
α
− Tαa
bEb
α
− Tab
αAα
b
− Tαb
αAa
b
− (PγaP )
αβA
αβ
= −(γa)αβP
βα
∇αEa
α
−∇aΦα
α + Tab
αAbα − Tαb
αAba + (PγaP )
αβAβα = −(γa)αβP
αβ .
(5.8)
Cα
βα and Cα
βα are given by
∇αΩaα
β
−∇aΦαα
β + Tαa
bΩβα
β
−Rαbα
βAa
b +Rαγα
βEa
γ
−Raγα
βΦα
γ +Rabα
βAα
b + Cα
βγTaγ
γAαγ = (γa)αβCα
ββ ,
∇αΩaα
β
−∇aΦαα
β
−Rαbα
βAba +Rαγα
βEa
γ
+Raγα
βΦα
γ
−Rabα
βAbα − Cα
βγTaγ
γAγα = −(γa)αβCα
ββ.
(5.9)
And finally, S is given by
Sαα
ββ = ∇αCα
ββ +Rαγα
βPβγ −Rαaα
βE
aβ
+
(
∇aCα
ββ + P γδR
aδα
β
)
Aα
a
+
(
∇γCα
ββ + P βδR
δγα
β
)
Φα
γ + P βγ∇γΦαα
β + Cα
γβΦαγ
β
− Cγ
ββΦαα
γ
(5.10)
or
Sαα
ββ = ∇αCα
ββ
−Rαγα
βPγβ −Rαaα
βEaβ −
(
∇aCα
ββ
− P δγRaδα
β
)
Aaα
−
(
∇γCα
ββ
− P δβRδγα
β
)
Φα
γ
− P γβ∇γΦαα
β
− Cα
γβΦαγ
β + Cγ
ββΦαα
γ .
(5.11)
The physical interpretation of the fluctuations is similar to the flat space-time case.
The operator Aab of (5.5) describes fluctuations of the metric, the Kalb-Ramond and
the dilaton superfields. The operators Ea
α and Ea
α in (5.6) describe fluctuations of the
vielbein superfields. The operators Ωaα
β and Ωaα
β describe fluctuations of the Lorentz
connection superfields. The operator Pαβ of (5.8) describes the fluctuation of the Ramond-
Ramond field strength.
It is interesting to note that if the fluctuation (5.3) is added to the world-sheet action
(3.1) give a new supergravity background (linear in the fluctuations). Note that this was
also the case for the heterotic string in a generic background [8]. The action becomes
S =
∫
d2z
1
2
∂ZM∂ZN (G′NM +B
′
NM ) + dα∂Z
ME′M
α + dα∂Z
ME′M
α
+ λαωβ∂Z
MΩ′Mα
β + λ
α
ω
β
∂ZMΩ′Mα
β + dαdαP
′αα + λαωβdαC
′
α
βα
+ λ
α
ωβdαC
′
α
βα + λαωβλ
α
ω
β
S′αα
ββ + ωα∂λ
α + ωα∂λ
α
,
(5.12)
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which is equal to the action (3.1) if we remove the primes. Note that the supermetric
GNM is equal to EN
aEMa. The explicit expressions for the primed superfields in terms of
unprimed superfields is as follows
G′NM = GNM + [(−1)
M+1EN
αEM
αAαα +EN
aEM
αAαa + (−1)
MEN
αEM
aAaα
+ EN
bEM
aAab + (M ↔ N)],
B′NM = BNM + [(−1)
M+1EN
αEM
αAαα + EN
aEM
αAαa + (−1)
MEN
αEM
aAaα
+ EN
bEM
aAab − (M ↔ N)],
E′M
α = EM
α + EM
αΦα
α +EM
aEa
α,
E′M
α = EM
α
− EM
αΦα
α +EM
αEa
α,
Ω′Mα
β = ΩMα
β + EM
αΦαα
β + EM
aΩaα
β ,
Ω′Mα
β = ΩMα
β + EM
αΦαα
β + EM
aΩaα
β ,
P ′αα = Pαα +Pαα,
C′α
βα = Cα
βα +Cα
βα,
C
′
α
βα = Cα
βα +Cα
βα,
S′αα
ββ = Sαα
ββ + Sαα
ββ.
(5.13)
6. Gauge symmetry
Up to now we have studied the consequences of having the unintegrated vertex op-
erator (4.1) which is annihilated by the pure spinor BRST charge. Note that U has
ghost-number (1, 1) and vanishing conformal dimension. By the descent procedure used
above, there exist world-sheet fields W (of ghost number (0, 1) and conformal dimension
(1, 0)) andW (of ghost number (1, 0) and conformal dimension (0, 1)) satisfying QW = ∂U
and QW = ∂U , respectively. And finally, the integrated vertex operator V , of vanishing
ghost number and conformal dimension (1, 1), satisfies QV = ∂W−∂W . The unintegrated
vertex is not only annihilated by Q, it belongs to the cohomology of Q, that is U is also
defined up to QΛ for some Λ. On generic grounds, W is defined up to ∂Λ+QΣ for some
Σ and W is defined up to ∂Λ+QΣ for some Σ. Finally, the integrated vertex operator is
defined up to ∂Σ − ∂Σ, that is a total derivative. Note that an BRST-exact term is not
allowed in the transformation of the integrated vertex operator because Q should act on a
field with negative ghost number. This is not possible in the pure spinor formalism.This
construction was explicitly done in [9] for the type II superstring in a flat background. We
now consider our case.
The gauge invariance δU = QΛ implies a gauge transformation for the superfield A
αβ
.
Giving Λ = λαΛα + λ
α
Λα, the gauge transformation of Aαβ is
δA
αβ
= ∇αΛβ +∇βΛα, (6.1)
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where the gauge parameters have to satisfy
∇(αΛβ) = γ
a
αβΛa, ∇(αΛβ) = γ
a
αβ
Λa, (6.2)
in order to preserve the form (4.1) of the unintegrated vertex operator. Note that the
equations in (6.2) have a structure similar to the equations (4.2), then we should have
equations like (4.3), (4.4), (4.8) and (4.11). In fact, performing the kind of calculations of
the section 4 we obtain
∇αΛa − 2ΩαΛa −∇aΛα = (γa)αβΛ
β ,
∇αΛ
β
− 4ΩαΛ
β + P βγ∇γΛα + 2(γ
a)βγ(∇αΩγΛa − Ωγ∇aΛα)
=
1
4
(γab)α
β
(
∇[aΛb] + Tab
cΛc + Tab
γΛγ + 3τab
cΛc
)
−
1
12
(γabcd)α
βτabcΛd,
∇αΛa − 2ΩαΛa −∇aΛα = (γa)αβΛ
β
,
∇αΛ
β
− 4ΩαΛ
β
− P γβ∇γΛα + 2(γ
a)βγ(∇αΩγΛa − Ωγ∇aΛα)
=
1
4
(γab)α
β
(
∇[aΛb] + Tab
cΛc + Tab
γΛγ + 3τab
cΛc
)
−
1
12
(γabcd)α
βτabcΛd,
(6.3)
where τabc = γ
αβ
abcΩαΩβ and τabc = γ
αβ
abcΩαΩβ.
We now find the gauge transformations for the remaining superfields inW . Performing
a gauge transformation in the first equation of (4.2) and in (4.4) we obtain
δAaα = ∇aΛα −∇αΛa − (γaP )α
αΛα,
δWαα = ∇α(Λ
α
− PαβΛ
β
)− (Pγa)αα(Λa −Λa)
+ 2∇α ((γ
aΩ)α)Λa + 2(γ
aΩ)α
(
∇aΛα + (γaP )α
βΛβ
)
.
(6.4)
Using these transformations in (5.1) one obtains that its gauge transformation becomes
δW = ∂(λαΛα + λ
β
Λα)−Q(Π
αΛα +Π
aΛa + dα(Λ
α + 2(γaΩ)αΛa)
− JΩαΛ
α +
1
2
Nab(∇[aΛb] + Tab
cΛc + Tab
αΛα + 4τab
cΛc + 2(Ωγab)
αΛα),
(6.5)
as expected from the above discussion. Similarly, for the superfields in W we obtain
δAaα = ∇aΛα −∇αΛa − (γaP )α
αΛα,
δWαα = ∇α(Λ
α
− PαβΛ
β
)− (Pγa)αα(Λa −Λa)
+ 2∇α ((γ
aΩ)α)Λa + 2(γ
aΩ)α
(
∇aΛα + (γaP )α
βΛβ
)
.
(6.6)
Using these transformations in (5.2) one obtains
δW = ∂(λαΛα + λ
β
Λα)−Q(Π
α
Λα +Π
a
Λa + dα(Λ
α
+ 2(γaΩ̂)αΛa)
− JΩ̂αΛ
α
+
1
2
N
ab
(∇[aΛb] + Tab
cΛc + Tab
αΛα + 4τab
cΛc + 2(Ω̂γab)
αΛα),
(6.7)
13
as expected from above.
Finally, the integrated vertex operator transforms to a total derivative. In fact,
δV = ∂(ΠαΛα +Π
aΛa + dα(Λ
α + 2(γaΩ)αΛa)
− JΩαΛ
α +
1
2
Nab(∇[aΛb] + Tab
cΛc + Tab
αΛα + 4τab
cΛc + 2(Ωγab)
αΛα)
− ∂(Π
α
Λα +Π
a
Λa + dα(Λ
α
+ 2(γaΩ̂)αΛa)
− JΩ̂αΛ
α
+
1
2
N
ab
(∇[aΛb] + Tab
cΛc + Tab
αΛα + 4τab
cΛc + 2(Ω̂γab)
αΛα).
(6.8)
Again, this is what we discussed at the beginning of the current section.
7. Final comments
In this paper we have generalize the construction of the integrated vertex operator
for the type II superstring in the pure spinor string in a flat background to the on-shell
supergravity background. This is a generalization of the analysis done in [16] for the
type IIB superstring in a AdS5 × S
5 background and in [7] for the plane wave limit of
AdS5×S
5 background. We used descent procedure used to construct the integrated vertex
operator. Because this procedure is based on the existence of reparametrization b ghosts,
there should be possible to construct these ghosts in a generic supergravity background
generalizing the result of [14] and [15]. It would be interesting to study the correlations
among vertex operators with the hope of the determination of scattering amplitudes, we
leave this problem for the future.
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